The small-x gluon in global fits of parton distributions is affected by large uncertainties from the lack of direct experimental constraints. In this work we provide a precision determination of the small-x gluon from the exploitation of forward charm production data provided by LHCb for three different centre-of-mass (CoM) energies: 5 TeV, 7 TeV and 13 TeV. The LHCb measurements are included in the PDF fit by means of normalized distributions and cross-section ratios between data taken at different CoM values, R 13/7 and R 13/5 . We demonstrate that forward charm production leads to a reduction of the PDF uncertainties of the gluon down to x ≃ 10 −6 by up to an order of magnitude, with implications for high-energy colliders, cosmic ray physics and neutrino astronomy.
The determination of the internal structure of the proton, as encoded by the non-perturbative parton distribution functions (PDFs) [1] [2] [3] , has far-reaching implications for many areas in nuclear, particle and astroparticle physics. A topic that has recently attracted substantial interest is the determination of the gluon PDF at small-x, which is of direct relevance for the modelling of soft QCD at the LHC [4] , neutrino astronomy [5] [6] [7] [8] and cosmic ray physics [9] , as well as for future lepton-proton [10] and proton-proton higher-energy colliders [11] . Constraints on the gluon PDF from deep-inelastic scattering (DIS) inclusive and charm structure functions at HERA [12, 13] are limited to x ∼ > 3 ·10 −5 in the perturbative region, and consequently for smaller values of x there are large uncertainties from the lack of direct experimental information.
Last year, it was realized [14] [15] [16] that a way forward was provided by considering inclusive D meson production in pp collisions at the LHC, for which the LHCb experiment had already provided data at 7 TeV [17] . The inclusive charm cross-section at the LHC is dominated by heavy quark pair production, in turn driven by the gluon-gluon luminosity, and the forward LHCb kinematics allow a coverage of the small-x region that can reach as low as x ≃ 10 −6 . While the direct inclusion of absolute D meson cross-sections into a PDF fit is unfeasible due to the large theory uncertainties that affect the NLO calculation, it has been demonstrated [14, 15] that by using tailored normalized distributions it is possible to exploit the LHCb measurements to achieve a significantly improved description of the small-x gluon. A complementary approach, suggested in [16] , would be to include D meson data into PDF fits with the use of ratios of crosssections between different center-of-mass (CoM) energies, * Electronic address: rgauld@phys.ethz.ch † Electronic address: j.rojo@vu.nl which benefit from various uncertainty cancellations [18] . More recently, the LHCb collaboration has presented the analogous D meson cross-section measurements at √ s = 5 and 13 TeV [19, 20] , together with the corresponding ratios R 13/7 and R 13/5 .
1 In this letter, we quantify the impact of the LHCb D meson data at different CoM energies on the small-x gluon from the NNPDF3.0 global analysis [21] . These data are included both in terms of normalized cross-sections as well as by means of the cross-section ratio measurements. Our strategy leads to a precision determination of the small-x gluon, substantially improving previous results, and highlighting the consistency of the LHCb measurements at the three CoM energies. We illustrate the implications of our results for ultra high-energy (UHE) neutrino-nucleus cross-sections σ νN (E ν ), and the longitudinal structure function F L (x, Q 2 ) at future lepton-proton colliders. The LHCb D meson production data is presented double differentially in transverse momentum (p D T ) and rapidity (y D ) for a number of final states, D 0 , D + , D + s and D * + , which also contain the contribution from chargeconjugate states. To include these measurements into the global PDF fit, we define two observables:
which benefit from the partial cancellation of the residual scale dependence from missing higher-orders, while retaining sensitivity to the gluon since different regions of x are probed in the numerator and denominator of values, however these additional points are excluded from the fit since they might be affected by large logarithmic contributions [22] . In this way, data in a fixed kinematic region is included either through cross-section ratios or normalized cross-sections. The reference rapidity bin in the normalized distributions N ij X in Eq. (1) [23] [24] [25] to match the fixed-order calculation [26] to the Pythia8 shower [27, 28] with the Monash 2013 tune [4] . The POWHEG results have previously been shown to be consistent [14, 29] with both the NLO+PS (a)MC@NLO [30, 31] method and the semi-analytic FONLL calculation [32, 33] . The NNPDF3.0 NLO set of parton distributions with α s (m Z ) = 0.118, N f = 5 and N rep = 1000 replicas has been used, interfaced with LHAPDF6 [34] . The internal POWHEG routines have been modified to extract α s from LHAPDF6, and the compensation terms [32] to consistently match the N f = 5 PDFs with the fixedorder N f = 3 calculation [26] are included. The central value for the charm quark pole mass is taken to be m c = 1.5 GeV, following the HXSWG recommendation [35] , and the renormalization and factorization scales are set equal to the heavy quark transverse mass in the Born configuration, µ = µ R = µ F = m 2 c + p 2 T . Other settings of the theory calculation, such as the values for fragmentation fractions, are the same as those in [14] . We have verified that the choice of Pythia8 tune (comparing Monash 2013 with 4C or A14) as well as the modelling of charm fragmentation (using for e.g. a Peterson function with ǫ D = 0.05 and varying ǫ D by a factor 2) on the observables of Eq. (1) leads in all cases to variations that are negligible as compared to PDF uncertainties.
The impact of the LHCb D meson data on the NNPDF3.0 small-x gluon can be quantified using the Bayesian reweighting technique [36, 37] . We have studied separately the impact of the three data sets of normalized distributions, N 5 , N 7 and N 13 and the two cross-section ratios, R 13/5 and R 13/7 , as well specific combinations of these, always avoiding double counting. The experimental bin-by-bin correlation matrices are included for the cross-section ratios R 13/X , while for the normalized cross-section data the (cross-section level) bin-by-bin correlations, which are only available for N 5 and N 13 , are not included.
We find that NLO theory describes successfully both the cross-section ratios R 13/7 and R 13/5 as well as the normalized cross section data at all three CoM energies. To illustrate this agreement, we compute the χ 2 /N dat for each of the five datasets, for different combinations of data used as input in the PDF fit. These results are summarized in Table I , where the data that has been included in each case are highlighted in boldface, and the number in brackets indicates N dat for each data set. For example, the first row corresponds to the baseline PDF set, the second row indicates the resultant χ 2 /N dat for each data set after the N 5 data has been added to NNPDF3.0, and so on.
N5 (84) We find that the normalized distributions, N 5 , N 7 and N 13 , as well as the ratio R 13/5 , have a similar substantial pull on the gluon, both for central values and for the reduction of the PDF uncertainty. It is found that the R 13/7 ratio data has only a minor impact on the central value and resultant uncertainty of the small-x gluon. This can in part be understood due to the fact that this data is less precise in comparison to the R 13/5 data, and additionally less sensitive to the rate of change of the gluon PDF at low-x. We find it reassuring that including each of the available LHCb data sets to NNPDF3.0, one at a time, improves the description of all other data sets. In Fig. 1 we show the 1-σ relative PDF uncertainties for the gluon at Q 2 = 4 GeV 2 in NNPDF3.0 and in the subsequent fits when the various LHCb D meson data sets are included.
In the following we show results for two representative combinations of the LHCb measurements, namely N 7 + R 13/5 and N 5 +N 7 +N 13 . In Fig. 2 we compare the smallx gluon in NNPDF3.0 with the resultant gluon in these two cases, as well as the central value from the N 5 +R
13/7
fit. The central value of the small-x gluon is consistent for all three combinations, down to x ≃ 10 −6 , and, as expected from Fig. 1 , we observe a dramatic reduction of the 1-σ PDF uncertainties. We have verified that these updated results are consistent with our original study [14] Given the sizeable theory errors that affect charm production, it is important to assess the robustness of our results with respect to the scale variations of the NLO calculation as well as with the value of m c . We thus have quantified how the resultant gluon are affected by theory variations, including: µ = 4m 2 c + p 2 T , as well as charm mass variations of ∆m c = 0.2 GeV. An additional check of applying a minimum p T requirement of 2 GeV to the cross section data was also performed, which had little impact and is not shown. The resultant central values of the gluon are shown in Figs. 3 and 4 , compared with NNPDF3.0 and with the 1-σ PDF uncertainty band from the N 5 + N 7 + N 13 and N 7 + R 13/5 fits, respectively.
We find that our results are reasonably stable upon these variations of the input theory settings, in particular for the N 7 + R 13/5 fits, highlighting that the cancellation of theory errors is more effective for the crosssection ratios than for the normalized distributions. Even for the most constraining combination, corresponding to N 5 + N 7 + N 13 , all theory variations are contained within the 95% confidence level interval of the PDF uncertainty. This study demonstrates that the sizeable reduction of the small-x gluon PDF errors is robust with respect to theoretical uncertainties. A further reduction of the scale dependence could only be achieved by the full NNLO calculation, so far available only for tt production [38] . Our precision determination of the small-x gluon has important phenomenological implications, which we choose to illustrate with two representative examples: the longitudinal structure function F L at a future highenergy lepton-proton collider, and the UHE neutrinonucleus cross-section. First of all, we have computed
2 ) for Q 2 = 3.5 GeV 2 using APFEL [39] in the FONLL-B general mass scheme [40] . The proposed Large Hadron electron Collider (LHeC) would be able to measure to measure F L down to x ∼ > 10 −6 with few percent precision for Q 2 ∼ > 2 GeV 2 [10] , hence providing a unique probe of BFKL resummations and non-linear QCD dynamics [41] . In Fig. 5 we compare F L computed with NNPDF3.0 and with the results of this work, as well as with the original GRRT calculation. We observe that the PDF uncertainties on F L at x ≃ 10 −6 are now reduced by around a factor of 5 with respect to the baseline, and that F L itself is always positive for the x range accessible at the LHeC. Next, we have computed the UHE charged-current (CC) neutrino-nucleus cross-section as a function of the incoming neutrino energy E ν , using a stand-alone code based on APFEL for the calculation of the NLO structure functions. At the highest values of E ν that might be accessible at neutrino telescopes such as IceCube [42] and KM3NET [43] , the neutrino-nucleus interactions probes the quark sea PDFs at Q 2 ≃ M 2 W and down to x ≃ 10 −8 , a region where the quark distributions are driven by the small-x gluon by means of DGLAP evolution effects [44] .
In Fig. 6 we compare the CC UHE neutrino-nucleus cross-section from NNPDF3.0 with the results of this work. As in the case of F L , we find a sizeable reduction of the PDF uncertainties, which are by far the dominant theory uncertainty for this process at high E ν . This way, NLO QCD provides a prediction accurate to ∼ < 10% up to E ν ≃ 10 12 GeV, a region where a rather different behaviour are found in scenarios with non-linear QCD evolution effects [45] . Our results for the UHE cross-section are more precise than existing calculations [46] , based on PDF fits where the only constraints on the small-x gluon come from the inclusive and charm HERA data, and therefore provide a clean handle to disentangle possible beyond the Standard Model effects in this process [47] .
To summarize, in this work we have presented a precision determination of the small-x gluon down to x ≃ 10 −6
from LHCb charm production in the forward region at √ s =5, 7 and 13 TeV. We have shown that the LHCb data provided at the three CoM energies leads to consistent constraints on the small-x gluon. It is found that the combination of normalized cross section data available at the three CoM energies (namely N 5 + N 7 + N 13 )
[GeV] leads to the strongest constraints on the low-x gluon PDF. While this result is shown to be reasonably stable upon theory variation (see Fig. 3 ), a future analysis at NNLO would also be desirable. Consistent results are also found when a combination of normalized cross-section and cross-section ratio data are included, the most constraining in this case being N 7 + R 13/5 , and found to be robust with respect to theory variations. Our analysis provides a strong motivation to include the LHCb charm production data in the next generation of global PDF fits. We have illustrated how the improved small-x gluon leads to significantly reduced theory uncertainties for F L at future high-energy lepton-proton colliders and for the UHE neutrino-nucleus interactions. We have however only scratched the surface of the phenomenological implications of our work. It is important to explore these implications further to inform other applications, such as the modelling of semi-hard QCD processes at the LHC in Monte Carlo event generators and for calculations of cosmic ray production. Moreover, it would be interesting to compare our determination of the small-x gluon with those that could be achieved from other processes with similar kinematical coverage, such as exclusive production [48] or forward photon production [49, 50] .
The results of this work are available upon request in the form of LHAPDF6 grids [34] .
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Comments regarding update of LHCb data. After completing our original analysis of the LHCb data in October 2016, it was pointed by one of us that there were a number of inconsistencies present in the heavy flavour production data provided by LHCb [51] . The charm cross-section measurements at 5 and 13 TeV [19, 20] were subsequently updated, and the current analysis includes these corrected data.
In our original analysis we observed tension between the NLO theory predictions and the LHCb data for N 5 and N 13 observables in particular kinematic regions. In particular, this discrepancy was observed for rapidity bins which were farthest from the reference bin y D ref which normalises the cross section data, and at the time this was attributed to a limitation of the NLO theory predictions. Consequently, we applied a kinematic cut to restrict our analysis to exclude these regions. This tension is not observed in the update of the LHCb data, and no such kinematic restriction is applied in our analysis. It is likely we were observing the effects of the incorrect rapidity dependent efficiency correction which affected the LHCb data.
